Abstract. Our work aims to find a general solution for the vibrational energy flow through a plane network of beams on the basis of an energy flow analysis. A joint between two semi-infinite beams are modeled by three sets of springs and dashpots. Thus, the results can incorporate the case of complaint and non-conservative in all the three degrees of freedom. In the cases of finite coupled structures connected at a certain angle, the derived non-conservative joints and developed wave energy equation were applied. The joint properties, the frequency, the coupling angle, and the internal loss factor were changed to evaluate the proposed methods for predicting medium-to-high frequency vibrational energy and intensity distributions.
Introduction
Many engineering structures are made up from elements, such as rods, beams, membranes and plates, which are joined together either by rivets, bolts or welds. At low frequency ranges, the vibrational response of these structures may be analyzed with regards to structural deformation by conventional methods such as finite element method (FEM) and boundary element method (BEM). However, as the frequency is increased, the methods come to need higher order shape function or large number of fine elements, and their results become inaccurate. Thus, the FEM and BEM are very expensive and not effective in high frequency range. In recent decades, the statistical energy analysis (SEA) has been developed for high frequency analysis, which provides one averaged value of energy density in a subsystem. From SEA, any detail information such as variation of energy density and energy flow paths in a subsystem cannot be obtained, and the size of subsystem in a structure should be larger when the frequency of interest is decreased. To improve the weakness of SEA in high frequency range and to overcome the limit of frequency of the FEM and BEM, some alternative methods have been investigated by many researchers. Energy flow analysis (EFA) method, one of the alternative methods, has been introduced by Belov et al. [1] . EFA method is based on an energy governing equation analogous to the heat conductivity equation, of which primary variable is energy density. Using this method at high frequencies, the spatial variation of the time-and locally space-averaged vibration energy density and energy transmission paths in a structure can be effectively predicted. Moreover, EFA method has been considered appropriate to the vibration analysis in the middle frequency range in which the FEM, BEM and SEA are not proper to be applied. Nefske and Sung [2] applied the energy flow finite element method (EFFEM) for predicting the flexural vibration of beams. Wohlever and Bernhard [3] [4] [5] [6] extended this method to energy flows in rods, beams, membranes and thin plates. Cho [7] used EFA to predict the vibration response of the coupled structures by applying the energy flow coupling relationships to the structures junctions. Park et al. [8, 9] of in-plane waves in isotropic thin plates and flexural waves in orthotropic thin plates. Seo et al. [10] extended this method to energy flows in reinforced beam-plate coupled structures.
Up to now, most EFAs have been developed and applied to model the dynamics of assembled structures, such as rods, beams, membranes and plates, based on the assumption of rigid joints. The joints in practical structures, however, are often compliant, and this compliance may greatly affect the behaviour of an assembled structure and the transmission of vibrational energy through its components.
The aim of this work is to develop adequate non-conservative joint modeling technique that can be used to predict the vibrational energy and intensity distribution of beam structures vibrating in medium-to-high frequency ranges. Numerical analyses are performed for finite coupled structures connected at a certain angle and excited by a transverse harmonic forces. The effect of change in the joint properties, the frequency, the coupling angle, and the internal loss factor on the vibrational energy and intensity distribution were investigated.
Wave transmission analysis of beam networks with compliant and dissipative joints
Waves propagating along one component will eventually encounter a joint. A part of the incident wave will be reflected at each joint, while some of the incident wave will be transmitted through the joint. The attenuation of the incident waves transmitted through a joint is largely governed by the impedance and the orientation of the joint. Cremer et al. [11] have studied the transmission of waves through rigid joints of different configurations to find wave transmission coefficients. Horner and White [12] have used the same approach of Cremer et al. to find the wave transmission coefficients of vibrational power transmitted through rigid bends in built-up structures. However, a structure with a rigid joint is not always practical. In general, a linear spring-dashpot model is necessary to model the joint adequately. In this section, the attenuation of the incident waves under the influence of a joint with compliance is predicted.
Riveted, bolted and welded joints can dissipate more energy than the material internal loss factor [13] . Thus, a spring-dashpot model can be appropriate to characterize a joint. Yoshimura and Okushima [14, 15] identified the stiffness and the damping coefficients successfully using linear spring-dashpot models. The similar linear springdashpot models are adopted in this work. There are three degrees of freedom at a certain angle joint, x and y directional displacement and rotation, and thus three sets of spring-dashpot models are required as shown in Fig. 1 . Figure 2 shows two semi-infinite beams of different material and/or geometrical properties joined at x 1 = x 2 = 0. Either a flexural or longitudinal wave can be incident upon the joint from the incident beam 1 (beam 2). When a flexural wave of amplitude A f 1 or a longitudinal wave of amplitude P l1 is incident upon the joint, both transmitted and reflected flexural and longitudinal waves are generated in each of the semi-infinite beams. The transverse and longitudinal displacements (w 1 and u 1 ) of incident beam 1 can be represented as follows:
( 1) and
where k f 1 and k l1 are the flexural and longitudinal wavenumbers in the incident beam 1, respectively. In Eq. (1), the first term is the incident flexural propagating wave, the second term is the flexural reflected propagating wave and the third is the reflected decaying nearfield wave. In Eq. (2), the first term is the incident longitudinal propagating wave and the second term is the reflected decaying nearfield wave. The transverse and longitudinal displacements (w 2 and u 2 ) in the transmitted beam 2 can be represented as follows:
and
where k f 2 and k l2 are the flexural and longitudinal wavenumbers in the transmitted beam 2, respectively. In Eq. (3), the first term is the flexural transmitted propagating wave and the second term is the transmitted decaying nearfield wave. In Eq. (4), the term is the transmitted longitudinal propagating wave. At the joint, six equilibrium conditions must be satisfied. Three equilibrium conditions impose the equilibrium of forces and moment about the joint. The expressions for the axial force, shear force and moment (F , V and M ), respectively, are
where E is the Young's modulus, A is the cross-sectional area and I is the area moment of inertia of the beam. The joint force in the horizontal direction is summed to zero as follows:
where F 1 and F 2 are the axial forces in beams 1 and 2, respectively, and V 2 is the shear force in beam 2. The joint force in the vertical direction is summed to zero as follows:
. Two-beam structure coupled with a certain angle Φ and zero intensity boundary conditions.
where V 1 and V 2 are the shear forces in beams 1 and 2, respectively, and F 2 is the axial force in beam 2. The moment about the joint is summed to zero as follows:
where M 1 and M 2 are the moments in beams 1 and 2, respectively. The other three equilibrium conditions impose compatibility of displacement and slope. The joint between the two beams is assumed to have the characteristics of three linear spring-dashpot systems. The impedances in the x-direction, the y-direction and the rotation direction (Z x , Z y and Z θ ) are represented as follows:
where K x , K y and K θ are the spring strengths in the x-direction, the y-direction and the rotation direction, respectively, and C x , C y and C θ are the damper strengths in the x-direction, the y-direction and the rotation direction, respectively. The compatibility of axial displacement and transverse displacement, respectively, are
Also, the compatibility of slope leads to the following relation:
When all six conditions at the joint are applied, the unknown complex amplitudes, the flexural and longitudinal power transmission and reflection coefficients can be computed from the complex amplitudes.
Before flexural and longitudinal power transmission and reflection coefficients can be derived, an expression for the time-averaged power in a beam must be obtained. For a harmonic excitation, the time-average power in a beam is
and where dw * /dt is the complex conjugate of the transverse velocity, d 2 w * /dxdt is the complex conjugate of the angular velocity and u * is the complex conjugate of the longitudinal velocity. For an incident flexural and longitudinal wave of amplitudes, A f 1 and P l1 , the time-averaged power is written as
The balance of energy applied to the non-conservative joint of two semi-infinite beams is expressed as where the subscript α indicates a flexural wave (f ) or a longitudinal wave (l). The incident power is the sum of the reflected, transmitted and dissipated power. When both sides of Eq. (21) are divided by < P > α1inc , the following equation can be obtained:
The flexural and longitudinal reflection coefficients (γ αf 11 and γ αl11 ) are the ratios of the reflected to the incident power, respectively, and the flexural and longitudinal transmission coefficients (τ αf 12 and τ αl12 ) are the ratios of the transmitted to the incident power, respectively. The dissipation coefficient (ζ) is the ratio of the dissipated to the incident power.
Energy flow analysis in beam networks
In this section, the power transmission and reflection coefficients at the non-conservative joint of two semi-infinite beams, Eq. (22), and the equation of the flexural and longitudinal waves developed by Bernhard [3, 4] are applied to the coupled beam structure. The coupled structure is composed of two beams connected at a certain angle and excited by a transverse harmonic point force. The power due to the exciting force is applied to beam 1 as shown in Fig. 3 , and zero intensity boundary conditions for each wave component at the beam edges are applied. The energy density of each wave component, < e α > i , can be represented as a sum of positively and negatively moving energy densities as:
where
and The subscript α indicates a flexural wave (f ) or a longitudinal wave (l). The subscript β indicates the region , or , demarcated by the position of the input power and the joint of the two beams as illustrated in Fig. 3 . The superscripts (+) and (−) represent wave propagation in the +x and −x direction, respectively.
The intensity for any wave types, < q α > i , can be represented as a difference of positively and negatively moving intensity as:
and (24) and (25), there are twelve boundary conditions that must be enforced. Four boundary conditions impose at the end of beam. Since no other structural elements are attached to the ends of the beam, the energy can not flow out of the ends of the beam. All the energy incident upon these boundaries will be reflected. Hence, we write the intensity boundary conditions as follows:
The other four boundary conditions impose at the excitation point. The input power due to a point exciting force Q is defined as: 
where Z is the impedance of infinite beam and given by
Here, ρ, A and c f are the material density, the cross-sectional area and the phase speed of flexural waves, respectively. From the equilibriums of intensity and the continuity of energy at the excitation point, the following relations are satisfied as:
The last four boundary conditions impose at the joint of beam 1 and 2, where the incident waves are converted to other types of waves, and the power transmission and reflection of the incident wave must be examined. From the previous section, the power flowing away from the non-conservative joint of two semi-infinite beams are expressed as follows:
where τ mnij is the n wave type power transmission coefficient in region j due to the incident m wave type in region i (i, j = , ; m, n = f , l), and γ mnij is the n wave type power reflection coefficient in region i due to the incident m wave type in region i. From the boundary conditions, the unknowns in each wave of the amplitude are determined, and the energy and intensity for all the wave types are finally obtained.
Numerical examples
In this section, several numerical analyses are performed for the finite coupled structures connected at a certain angle. The derived non-conservative joints and developed wave energy equation were applied. The joint properties, the frequency, the coupling angle and the internal loss factor were changed to evaluate the proposed methods in predicting medium-to-high frequency vibrational energy and intensity distributions. The decibel scales of the energy density and intensity referenced to 10 show that when the joint property changes, the developed non-conservative joint successfully predicts the joint character of practical structures vibrating in the medium-to-high frequency ranges. On the whole, both transmitted flexural and longitudinal energy levels can be controlled to some extent by varying either the stiffness or the damper of the joint. The flexural wave energy is discontinuous at the beam joint showing the lower level in beam 2 as seen in Fig. 4(a) , and the energy level of longitudinal waves in beam 2 is higher than in beam 1 as shown in Fig. 4(c) , as expected. The energy levels of all wave types are nearly constant in each beam. The energy flow pattern of the non-conservative joint is visualized in the intensity distributions of Fig. 4(b) and 4(d) . A negative value of intensity indicates that the energy is flowing in the negative direction; a positive value of intensity indicates that the energy is flowing in the positive direction. The excitation source is located at the point of discontinuity in the intensity distribution where the positive and negative energy flows begin. For reference [14] , the stiffness of a bolted joint for the size of the chosen steel beam will be of the order of 10 8 to 10 11 N/m depending on the contact pressure of the bolted joint. Also, a bolted joint will have a damping coefficient in the order of about 0 6 Ns/m for a unit width and 10 mm thick steel beam.
In the second example, the importance of the non-conservative joints in longitudinal wave is demonstrated in Fig. 5(a)-(d) for a vibrating in the medium-to-high frequency ranges. As the frequency increases, the global variation of the energy increases and the maximum energy level is reduced. The longitudinal wave energy has maximum value near the location of the input power in the joint. The intensity distribution of Fig. 5(b) and 5(d) shows that the energy transmission paths do not change significantly as the frequency increases. These results verify that the longitudinal wave is important in transmitting the vibration energy of a coupled beam structure at high-frequency ranges.
In the next example, the internal loss factors are changed from η = 0.05 to η = 0.15. The distribution of energy and intensity of two types are shown in Fig. 6(a)-(d) . The energy level of a flexural wave dissipates more rapidly than that of a longitudinal wave, which is still nearly constant in each beam, because the group velocity of the longitudinal wave is much greater than that of a flexural wave. The energy difference of each wave between beams 1 and 2 at the joint increases as the internal loss factors are increased. The corresponding intensity distributions are illustrated in Fig. 6 (b) and 6(d) by hanging the internal loss factor.
In Fig. 7(a)-(d) , the distribution of energy and intensity of two types as a dependent variable of the joint angle Φ vary from 30 to 90
• . As Φ increases, the global variation of the energy increases and reaches maximum variations when the beams are at right angles as expected. The intensity distributions of each wave have nearly constant values as Φ is increased in Fig. 7(b) and 7(d) .
Conclusions
General expressions for the vibrational energy flows through a plane network of beams are derived based on an energy flow analysis, assuming the joints to be compliant and dissipative, and each joint was modeled by a spring and dashpot. An example of two beams at a certain angle shows that the case of non-conservative joints successfully predict the joint character of practical structures vibrating in the medium-to-high frequency ranges. Moreover, the energy flow pattern of a non-conservative joint is understood. The derived non-conservative joints can be used to evaluate the proposed methods used for predicting medium-to-high frequency vibrational energy and intensity distributions. Further studies on the developments of non-conservative joints in plate network for vibration energy flow analysis are recommended.
